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ANALYSIS OF THE FEEDBACK SYSTEM IN A NONINTRUSIVE DYNAMIC FLOWMETER
FOR MEASURING POGO OSCILLATIONS

By William G. Chepin
Langley Resesrch Center

SUMMARY

Equations are developed which describe the closed loop feedback system
operation of a proposed ultrasonic, dynemic, nonlntrusive flovmeter whose
design is based on &8 constant phase, voltage controlled, freguency feedback
concept. These equations are based on linear Teedback system theory. The
time constant of a low pass filter is taken into account. The equations
show that the larger the open loop gain, the smaller the error due to
fluctuations in the speed of sound and the smaller the effective time

constant.
INTRODUCTION

Many liquid-propellant rocket vehicles have experienced lomgitudinal
vibrations because of an instability erising from interaction of the vehicle
structure with the propulsion system. These vibrations, nicknamed "Pogo"
after the jumping stick, have occurred principally in the first longitudinal
structural mode during the first stage of o launch vehicle. The vibratiocn
begins spontaneously, intensifies, and then dies awey - typically in a
period of 10 to L0 seconds.

Tn the interest of predicting whether or not the Space Shuttle Vehicle
will "Pogo" it is necessary to measure the dynamic {low component in the
10X fuel lines during ground testing of thz space shuitle mailn engine. This -
measurement should identify fluctuetions in flow welocity to 100 Hz over a
range +1.5 m/sec to *15 m/sec (&5 ft/sec to ¥50 ftfsec) with a resolution
of .003 m/sec (.0l ft/sec).

Since no flowmeter was available which could meet the stringent

requirements of this measurement, one had to be developed under em R&D design



gtudy contract as reported in NASA CR-112313 (ref. 1}. This flowmeter
operates on the principle of propagating two continuous ultrasonic sound
waves (one upstream and one downstream) through the flowing medium by means

of externally mounted transducer-receivers, (fig. 1}. This flowmeter
apparently meets the requirements of nonintrusiveness, fast response, high
accuracy and high resolution, and was designed to measure flow rates in
cryogenic liquids and water. The heart of this flowmefer is its closed

loop feedback system which represents the state-of-the-art in flow technology.

Reference 1 contains an analysis of the flowmeter design concept, along
with a block diagram of the electronics and some circuit and mechanical
details; however, reference 1 contains no analysis of the closed loop feed-
ﬁack system operation. It was concluded that an analysis of the closed loop
feedback system operation was needed to determine how or to what extent the
system would actually produce the behavior described in the reference 1
design analysis. Such an understanding was considered necessary to the
effective evalustion of the design concept. For exemple, in reference 1,
it is shown that the propagetion of both an upstream wave and a downstream
wave would, by means of & cancellation process, eliminate a measurement
errcr due to fluctuations in the speed of sound in the flow medium. The
question arose as to whether complete cancellation or only pertial cancella~
tion is an inherent feature of the actual system. I% was realized that a
mathematicel model of the closed loop feedbeck system would be very helpful
in answering this question.

In this report, such a model is developed. It is based on classical
linear feedback system theory and smell fluctuations about a static
operating peoint.

First, the pertinent aspects of the enalysis of reference 1 are
presented. It shows that the simulteneous transmissicn of a downstream and
an upstream wave results, ideally., in the eliminetion of fluid wvelocity
measurement errors due to fluectuations in the speed of sound. Then the
analysis of the closed loop servo operation is presented with appropriate

servo block disgrams depicting the transfer functions and supporting
equetions.



SYMBOLS

A amplitude of the voltage controlled oscillator (VCO) output

¢ velocity of sound

D tube diameter

fl, f2 frequencies of downstream and upstresm systems, respectively

flO’ f20 fixed components of the frequencies of the downstream and upstream
systems, respectively

Fl’ F2 variable components of the frequencies of the downstream and
upstream systems, respectively

K& gain constant of dc smplifiers

Kf gain constant of low pass filters

Km gain constant of multipliers

K¢ gain constant of transmitter-receivers

Kl’ K2 ~ gain constants relating the voltage to the variable freguency
component of the VCO units for the dovnstrean and upstream
systems, respectively

KB’ Kh’ K5’ K gain constants of the various flowmeter components as
shéwn in figure 3.

M, N integers

Outﬁ} output at & block in figure 3, where n represents the number
of the block.

8 Laplace operator

t time

T time constant of low pass filtexrs

v velocity of fluid

Vl, V2 instantaneous outputs of the amplifiers ol the downstream and
upstream systems, respectively

vfl’ Vf2 instantaneous outputs of the lov pass fllters of the downstream

and upstream systems, respectively



ml® m2
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va
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subscript s

jnstantaneous outputs of the multipliers of the downstream and
upstream systems, respectively

component ol V
low pass filter

— e
[V}

assumed no 4\;4— ««««« 4+~ T t'la

Lo T = ~ -~
(VLW R P — A ¥ [WASSRRFT-L1V] —{0 Sy v i

component of Vm assumed not to be completely attenuated by the
low pass filteY

acute angle between the direction of wave propegation end the
wall of the tube (see fig. 1)

phase lags between the transmitter and receiver for downstream

and upetreem systems respectively

wave length of the transmitited ultrasonic Wave for the downstresan
system

gtatic operating values about which systems operate dynamically

subscript a dynamic velues about the static operating wvalues

superbar,
over
variable

, Laplace transform of the time domein dynamic component of a
a variable



GENERAL THEORY AND DESCRIPTION OF
PROPOSED SYSTEM

The basic purpose of the proposed nonintrusive dynamic flowmeter
(ref. 1)} is to measure the dynemic flow velocity of liquids in a tube. In
figure 1 each transducer contains a transmitter and a receiver. The trans-
mitter of transducer 1 and the receiver of tramsducer 2 are called the
"downstream system." The transmitter of transducer 2 and the receiver of
transducer 1 are called the "upstresm system.” Eech of the transmitters
is driven by a digital frequency synthesizer. Pertinent aspects.
of the anslysis of the flowmeter design concept contained in reference 1
are summerized next. The important outcome of the analysis is that with
suitable adjustment of scme system parameters, the difference in voltage
outputs of the two systems can be made a function of axial fluid velocity
and independent of the speed of sound. This measurement concept represents
the ideal behavior to be attained as closely as possible by the actual
system.

Consider a wave of frequency fl propegated downstream from the
transmitter of transducer 1 to the receiver of transducer 2 at an angle 8

with the wall of the tube. The phase of the wave at 2 is

o =2 _ .1

1 gin 0 X

also,

3 = c + ; cos B
1

If these equations are combined, there iz obtained

o = Zanl (1)
1 {c +vecos 6) sin &




In the anticipated applications, it has been estimated that with a

single frequency system, a change in pressure of only 10m3 stmospheres would

P T
L9}

P, — - . o whe
¢cause a vari the anced of sound such that the reszolbh

ion in
of .003 m/sec would be exceeded. Pressure variations are very likely to

be considerably more then this, not to mention other sources of veriation

in the speed of sound. To minimize the effect of changing sound speed, a wave
is also propagated upstresm from the transmitter of transducer 2 to the

receiver of transducer 1. Here

21DE
¢ 2 (2)

$2 " Te = v cos 8) sind

For the downstream system, an increase in fluid velocity tends to
decrease the phase angle, while for the upstream system, such an increase
tends to increase the phase angle. On the other hand, for each system, an
increase in the speed of sound tends to decrease the phase angle. The

frequency consists of e fixed frequency fIO plus & voltage controlled

1
frequency Fl' The latter F1 is caused to vary so that

=T -
$, =75 (28 - 1) (3)
This is an idealized relationship, since, as is showm later at least a
small deviation of ¢, from g- (oN-1) is an inherent feature of the servo

system.

Similarly, f2 consists of a fixed component, f20 plus & variable

component F2 such that, ideally,

6, =% (M- 1) (4)

(SIE

The frequency f 0 is selected to be 1 iHz and f20 iz set at 1.1 MHz.

1



Equations (1) and (2) can be rewritten as

+
EvD(flO Fl)

¢1 “Tc + v cos B) sin 8 (5)

2mD(f.. + F.)
_ 20 ¥ ¥2
¢2 “ (e - v cos 8) sin B (6)

If the right sides of (3) and (5) are equated and the resulting equation

is solved for Fl’ there iz obtained

Fl = (EN—l%bsin 8 {(c + v cos 8) - fl0 (7)

Similarly, from (4) and (6), there is obtained

(2M-1) sin ©

5 (¢ - v cos 8) - ¢ (8)

20

By operating the dlgital frequency synthesizers in the frequency modula-
tion mode, Fl and F2 can be made proportional to voltage inputs to the

synthesizer .
That is

and

F

[}
=
<

2 o Vs (10}

Furthermore, to obtain an output independent of the speed of sound, it

is necessary to adjust Kl and K2 80 that



K, =% {%:%\E (11)
\ )

Finally, from equations (7) through (11), an equation is evolved which relates
a voltage cutput, Vl - Vg, to the axial fluid veloecity wv:

V. -V = (2N-1) sin 6 cos © v m_flo _ f20 <%N—l}? (12)
1 2 K1 2D Kl Kl 2M-1 %

|
7 IL

Here the troublesome speed-of-sound varieble cancels out and the last

]

term is merely a dc bias. Equation {12) then represents the ideal behavior

to be attained by the actual flowmeter system.



DEVELOPMENT OF THE LINEAR FEEDBACK MODEL

Figure 2 is a simplified diagram of one channel of the proposed flowmeter
(appendix G, ref. 1). ©Notation is that pertaining to the downstream system
which is analyzed in some detail. Figure 3 shows the more detailed block
diagram of the flowmeter (ref. 1, page 57). The "Filter" of figure 2
corresponds to the "LPF" (Low Pass Filter) of figure 3. An analysis is
first made of the simplified system of figure &, after which it is showm
that the system of figure 3 essentially corresponds to that of figure 2.

The relationships for the upstream system are easily obtained from the results
of the analysis of the downstream systen.

On various occasions, use is made of the following trigonometric

identities:

n |-

sin a sin b cos (a - b) --% cos {a + b) (1.1)

cos {(a - b) + %— cos (a + b) (1.2}

cos & Cco8 D

mn =

The 1/2 term does not explicitly appear in any equations since it can

pe included as part of a gain constant.

Analysis of Downstream System

For the downstream system (fig. 2), equations which express pertinent
instanteneous time relationships are now restated or developed.
The inputs to the multiplier are the reference wave and the reference

wave delayed in phase by ¢l’ and as (I.1l) implies,

<
n

il K.I;l [A sin QTr(Fl + flO) t} [K¢ 4 gin (211‘(1“1 + flo) t - ¢J):|

2 2
Kﬁ£¢ A cos\¢l - KﬁK¢A cos {2“(2F1 + Eflo) t - ¢1]

where K = K'/2
m m



If it is assumed that, in passing through the filter, the high frequency

component is completely eliminated, the component of interest would beconme

~ 2
v = KEK A~ cos ¢l (13)

¢

As shown previously,

+
. o1 D(Fl flo)

1 sin 8 (c + v cos @)

-
AW |
N

It is planned to make the time constant, T, of the low pass filter
sbout .0l seconds (ref. 1), which implies thet the response is down 3 db
at sbout 16 Hz. Therefore, the output of the filter is a funciion of the
time variation of the input. That is,

v, (t)=1V

. v, ()] (14)

1 fl

Since the maximum frequency of interest is 100 Hz, it is assumed that

any time constants of the amplifier are ingignificent. Hence,

V. =K V (15)

F. =K V (9)

If =small fluctuations in ¢ and v sbout o stablic operating point
are assumed, the dynemic relationships cam be considered to be equivalent

to the differential relationships. Then from squation (5)

¢ o 3¢
—t - N
d¢1 3F1 . dFl + oY de el dv

10



and with

F1 = Fls’ v=v and ¢ = cs
then
= 2mD daF, + 22 + -2,
d¢l " sin 8 (cs + v_ cos gy 1  s&in & (Fls f10)(cs + vy cos 6) "{(-1de

21D -2
* Sin 6 ( 1s ¥ flo)(cs + v cos 8) “(~1)(cos 8)dv

or

2mD _ 2D (Fyq + £30) dc

a¢, = dF
1 sin B(cs + v _ cos 8) 1 sin 6 (cs + v cos 6)2

EnD(Fls + flo) cos O

gsin 6 (¢ + v_ cos 6)2
8 s

dv

If the subscript "d" is used to denote the dynsmic component, the
preceding equation can be rewritten as,

27D ZTTD(F]_S + flo)

¢ld(t) “ Sin © (c5 + v cos 8)

Fld(t) - 5 cd(t)

sin 6 (c¢_ + v_ cos B)
8 s

onD(F, + £ .) cos 6
- —e— 5 va(® (16)

sin 8 (c_ + v_ cos 6)
s 8

Likewise from equation (13)

—~ _ 2 .
dﬂﬁl —-K&K¢ A% (sin ¢l)d¢l

11



which implies vmld(t) = -K.mK¢ Ag(sin ¢1S) ¢1d(t) (17)

Also from equations (14), (15), and (2)

Veralt) = V14 Vima (t}] (18)
vld(t) = Kavﬂd(t) (19)
Fog(6) = KV, (4) | {20}

Now take the Laplace transforms of equations (16) through (20)

- 21D - Q‘HD(FJ,S o~ flo) _ )
¢1d(s) = sin O(c_ + v_ cos 8) Fla(s) - B —
8 8 sin B(cs + v _ cos )
2nD(F, + £ .) cos 6 _
- 1s " 10 5 74(8) (218)
sin 8(e_ + v_ cos 6)
s s

or
-$ld(s) = sin 6( -ifz' cos ) ﬁld(s) ¥ EWD(Flg ﬁﬂflo} 5~ G4(8)

sin cs s sin e(cs & vs cos 9)

omp(F, + £. ) cos 68 _
+ 1s 10 = V4(8) (21b)
sin B(cS + v cos 8)

For the multiplier, the S domein equation Tor the dynamic voltage output
is

V 1a(8) = KK, A%(sin 6,) (B 4(8)) (22)

12



For the filter,

- _ _—_i'__ =

vﬂd(s) === - led(S) (23)
and for the output smplifier,

V14(8) = K, Vg (8) (24)

The S domain equation for the controlling frequency is

ﬁld(s) = K, ‘1d (s) ' (25}

<

Equations (21b) through (25) can be represented by the block diagram
ghown in figure 4. It is desired to transform the configuration shown in
figure 4 to a configurstion of the form shown in figure 9. To do this, the
general block diagram transformations showm in figure 5 are used.

The diagram shown in figure 6 is derived from that shown in figure 4 by
applying transformation T.l to the blocks in the forwsrd loop end T.3 to the
blocks immediately shead of the inputs. The diagrem shown in figure 7 is
derived from that shown in figure 6 by epplying transformation T.2 to the
block to the left of the feedback loop. Finally, the block diagram shown in
figure 8 is derived from that of figure T by use of transformation T.l. The
diagrem shown in figure 8 has the desired configuration. R in figure 9
corresponds to Ed (8) + (cos e)?d(s) in figure 8.

For a negative feedback system represented by the block diagrem shown
in figure 9, the relationship between the output C and the input R 1is

G

C=1T%=

R, which implies that

13



2
X KKK i 4
L9 L A%(sin d_Jls)E'HD(Fls flG)

sin B(cs + v cos G)E(TS + 1)

7. .(8) = (¢.(8) + (cos 8)v,(8))
1a KK KK K, A%(sin 6, 4)2mD a d
L+ 3 B(c + v cos B)(TS F 1)
{26a)
or
KaKmeK¢ A(sin ¢’ls)gzﬂm.j(Fls ¥ flO)
_ sin 8(c_ + v_ cos 6)2 o -
Vld(s) = 2 ; (cd(S) + (cos G)Vd(s))
KK I{fK Kd) A%(sin ¢l y2nD
PS+1 + a m S
sin 8{c *+ v_ <cos 8)
s 5
{26b)

The question arises as to what is the sign of sin ¢lsn At present, it
js sssumed that the magnitude of the right hend term of the denominator of
equation (26a) is to be made >>1. It is shown later that this is a necessary
condition for the desired operation of the: flowmeter. Inspection of
equation (26b) reveals that if sin ¢y, 1= negative, thers would be a pole in
the right hand plane which would result in an unstable system. An analysis
of this problem is presented next.

It is sssumed that no dynamic fluctuations are present but that, for some
reason, ¢ is not at the static operating point ¢ It ¢l were in either
the second or the third quadrant, then cos ¢l would be negative. Inspection
of equatlons {13), (5}, (24), (15) end (9) reveals that the output of the
multiplier V would be negetive, es would be V end, therefore, Vl.

A negative V would cause F1 to decrease which, in turn9 would cause

¢ to decrease. Consequently, the system would drive towsrd the design
1 = (28 - 1) ==9 where N is odd. Therefore,
sin ¢ would be positive. If, omn the other hand, ¢l were in either the

fourth or the first quadrant, then cos ¢1 would be positive which would
1h

static operating condition



cause Fl to increase. Conseguently, ¢ would 1ncrease, and the system
would again drive towerd the condition ¢; = (2N - 1) = 5» where N is odd.
Therefore, sin ¢ would again be positive. If, for some reason, ¢l
were to exactly equal (2N - 1) 53 where N is even, it seems likely that
very soon some external or internal disturbance would occur and the
nulling process would be triggered.

In the remainder of this report, it is assumed that N and M (for the
upstream system) are odd.

The static operating point, ¢l , would not be exactly at (2N - l}—
because & non zero cos ¢ is needed to produce at least a small multlpller
output voltage, V ml® 1o that the amplifier can maintain the required non
zero variable frequency component F An equatlon is now developed which
relates this difference between ¢1 and (oW - 1) —-to system parameters.
First one must rewrite equations (13), (5), (14), (15), and (9) in terms

of values at the static operating point:

b _ 2
les = KmK¢ A" cos ¢1s (27)
D +
¢ = ek Y 110 (28)
1s sin B(cS + v, cos 8)
vfls = vflstvmls) = K, les , since static flow conditions are assumed. {29)
Furthermore
Vls = Ka vfls (30)
and
Fls = Kl Vls (31)
The difference between (2N - 1) g- and ¢, can be written
A, =L (2N - 1) ~ ¢ (32a)
1l 2 ls

15



which implies
m
¢, =3 (oM = 1) - Ay

Then from equations (32a) and (28)

21D F18 21D flo

sin O(c_ + v_ cos 6) sin 8(c. » v_ cos 6)
8 s g 8

A¢l=%(2N-l)-

(20 -~ 1) = A ) or cos ¢
\ 1’ Y

1
If sin A¢l is expanded in a MacLauren series, there is obtained

(29,)3
cos ¢13 = sin A¢l = &@l TR

Therefore, equation (27) becowes

(20,)>
A2(A¢l - —e

v = KmK 31

mls P

From equations (34), (29), (30), and (31)

) (80,
F,_= leaxcfxqu) A (A@l g )

The phase angle, ?10’ attained by the sysiecn at Fl = Q is

21D flo

¢10 * Sin B(CS T v, cos 6}

If equations (35) and (36) are substituted into (33), it becomes

16

-
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(32b)

(34)

(35)

(36)



o1D K.K KK K, A°
a m

18 m g
sin B(CS + v cos 8) A¢1

g, =3 (2N - 1) -

o 3
oD KK KKK, A (8d. )
+ : K1 g fmo 1 -1 -9
gin B(CS + v cos 8) 31 10
or
2mD K K KK K IG .
8o, |1+ = fond =L (aw-1) -9
1 sin G(cS + v, cos 8) 2 10
omD K.K K.K K, A° (26 )3
+ lafmo i _
sin O(c _+ v cos 0) 31!
] B
or
onD KK K K K, A (A¢)3
1 £m ¢ 1
m - -
5o, = 7 (2N - 1) ¢1O N sin B(q§_+ v, cos 8) 3!
1 2 2
. 21D KK KK Ko A L. 27D EfaKmeK o X
sin G(CS + v, cos 8) sin 8{c_ + v_ cos 9}
s 5
or
onD K K KX K, A° (89. )3
Kl afme 10
sin B(cS + v, cos 8) 31 e -% (28 - 1) =~ ¢10
Ab. - -
1 ovD K K KK K A° 2mD KK KK K aZ
1+ & 1+

sin B(cS + v cos 8) sin B(c  + v_ cos 8)

(37a)

17



Comparison of the denominator on the right side of equation (372) with
that of (26e) reveals that it is 1+ the open loop gain constant, except for
the sin ¢ls term of the latter equation. Assume, more specifically,

that the system is designed such that

2n DK. K K _ K K A2
1 a f m ¢ >>1
sin @ {c_ + v_ cos 8)

which implies thet the second term on the left hand side
of equation (37a)

3
A >
- i_fll_ - . . .3+ At most, I (ow-1) - ¢10 = + T radians.
3t 2
3
(¢, ) . .
Therefore A, - ——5%——~+ N = 5 (37b)
; 27D RyK KK Ky A
L+ afmd

sip G(eS + v, cos 8)

Further, the right hand side of equation (3Tb) is << 1, yielding the

relationship

(a¢,)3
I_:}“" . % << e,

and equation (37b) can be written

l(A¢l) ‘ = ul &< 1 (37¢)
ma.x

2
27D KlKaKmeK¢ A

sin 6(c_ + v_ cos ©)
8 s

1+

18



which implies that

?ls =

. X
5 (2N-1)

sin ¢ls =1

s

(38a)
{38v)
Equation (38a) verifies that, for static conditions, the idealized
condition stated by equation (3) will be closely attained.
Simplified expressions for equations (26a) and (26b) cen be obtained;
From equations (28) and (38a)
él ) QHD(FlS + flo)
s sin 8(e + v_cos 8)
s S
which implies

m
z (2N - 1)

gin 68(c + v cos 6)
- s
§(2N- 1)

2mD
(2N - 1) sin B(cS + v cos 8)

4D

(39)

The block diagram obtained by applying equations (38b) and (39} to
figure 8 is shown in figure 10.

2
KaKmeK¢ AT(2N - )7
V,al8) =

2(c_ + v, cos 8)(Ts + 1)

Equations (26e) and (26b), which relate system output to inputs,now become
1l +

2
2mD KlKaKmeK¢ A

(Ed(S) + (cos e)x_rd(S))
sin G(cs +v_ cos 8)(TS + 1)

{Loa)

19



2
KaKmeK¢A (2N - 1) w
5?65 + v, cos 8)

F -

Vld(s) = . (cd(s) + (cos B)vd(S))
8 4 14 21D KlKaKmeK¢ A
sin S(QS + v cos 8) (40b)
The denominstor is of the form
I =
X = LIS
TS + 1 + K= (1 +K) m T j

This shows that the effective time comstent of the closed loop

system 1s reduced by the factor 1 + K, where K is the open loop gain constant.

Anglysis of Upstream System

For the upstream system, the anslysis makes use of the instantaneous

equations:
V.=KK A? cos ¢ (h1)
m2 m ¢ 2
. = 2nD(F2 % fao} _ )
2 sin 8(c - v cos 9)
- o (L2)
Veolt) = Ven (vmg(t) )
Vo = KV, (k3)
F, = K, ¥, (10)

- 20



The analysis of this upstream systenm is gimilar to that of the
downstream system; however, whereas 1n the dovnstream system, an increase in
fluid velocity tends to cause a decrease in phase angle, in this upstream
system, an increase in fluid velocity tends to cause an increase in phase

angle. Thus,

ond F. . (t) enD(F28 + f_ )

24 20
¢,,(t) = - + ¢, (t)
ed sin 8¢ - v. cos 6) sin 8{c - v_cos 8)2 d
s s g 5
omp (F,, + f£..){cos 8)

sin 68le - v_ cos 8)2
s s

In the S domain

_ ) 2m F,, (8) erd (F, + f,4) _
_¢2d(s) = - + 5 " cd(s)
sin B(CS - v, cos 8) sin B(CS - v_ cos a)

2nD{F, + £,..){cos 8) _
- =5 20 2 - vd(s) (hS)
sin B(cs - v, cos 8)

The other Laplace-transformed dynamic equations are:

—

szd(s) = KmK¢A2 sin ¢, (~dy4(5)) (46)
Tgpa(8) = T:f+ x T 4(8) (47)
?zd(s) = Ka?fzd (s) (u8)

F2d(S) = K, vgd(s) (L9)

Equations (45) through (49) can be put into the block form shown in
figure 11.
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Figure 11, by transformetions similar to those used in the downstream
f-

------- - —— P e L] s -~
ue Tl SLUWLL 1 L 1EUre L.

Also, by analogy with equations (38b) and (39), the following relationships

are used:
sin ¢, =1
Foo + T = Eiﬁﬁgn (2M = l)(cS - v Co8 8)
Then, from the general output/input relationship for a negative feedback system,
KKK Ky A°(2 - 1) 7 (5y(8) = (cos 8) T;(5) )

e(cs - Vg cos 8) (TS + 1} (50)

v..(8) =
24 2
2mD KK KK K, A

1+ Bin G(CB - v, cos 8)(Ts + 1)

Analysis of Combined Downstream and Upstream Systems

The block diagrams for the two individual systems of figures 10 and
12 can be combined as shown in figure 13. In the feedback block of the

upstream system, K, has been expressed in terms of K, by use of equation (11).

From equations (40a) end (50}
2
KaKmeK¢ AT(2N - 1 )
2(cS + v, cos 8)(PS + 1)

(?d(S) + {cos 8)?d(s) )

P
- 21D KlKaKmeK¢ 4
sin B(cs + v_ cos 8)(Ts + 1)

2
K KX K, A (aM -1)w
g fm¢ e —
2(c_ - v, cos 6)(T5 +1) (cq(8) ~ (cos B)vy(s)) (s1)

2
2mD KQKaKmeKQ A

1+
sin G(CB - v, cos 8 (Ts + 1)
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Next, it is shown that, if the open loop gain (GH in figure 9) is
>>1, and, if Kl end K2 are adjusted for the relationship expressed by
equation (11), the ideal output/input relationship expressed by equation (12)
is closely attained. If equation (12) which expresses an instantaneous

relationship is rewritten to express & dynamic relationship, there is obtained,

Vld(t) -V

2N -1\ sin 6 cos O
(t) = ( ) vd(t) (52)
Kl 2D

2d

Equation (52), then, expresses the relationship between dynamic
voltage output and dynamic fluid velocity that would be obtained by an ideal

system. Equation (12) end therefore, equation (52) assume that K, and K,

ere related in the manner expressed by equation (1l).
If the right hand terms in each of the denominator expressions are
> > 1,

T,,(8) - Tpu(0) = 155 ;i si0 9 (T (5) + (cos 8) T,(s))

(oM ZDl%QSin cl (E&(S) - (cos 8) F&(s))

If equation (11) is used for K,

T, (6) - () = SA=LLERE (C (5) + (cos B)7y(s) )

Lp X,
(eM - 1) sin 8 = -
- o (EM 2 §) (cd(S) - (cos B)Vd(S))
T \en-1

or

(2N - 1) sin @ cos 6 v (s)
2D K, d (53)

v1d(s) - Vpu(®)

In the time domein,

(t) - Vad(t) ; (2N - l)zDSIjil:- 8 cos 9 Vd(t) (54)

Via
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As seen by inspection of figure 13 snd equation (54), the system out-
put is inversely proportional to the feedback path gain, hDKl/(ZN - 1)sin 6.
This, of course, ig an inherent disadvantage in the use of negative feedback.
To obtain large open loop gein, and at the same time, adequate output/input
sensitivity, adequate forward path gain is needed. Changes in the static
levels of fluid velocity and sound speedgvs and ey s change the forward path

gain, but high open loop gain reduces this effect.

ANALYSTIS OF THE BLOCK DIAGRAM OF THE PROPOSED FLOWMETER

Next, it is shown that the proposed system of figure 3 corresponds
essentially to the simplified system (fig. 2) upon which our analysis
has been based.

For the sake of simplicity, interactions between the upstream receiver
and downstreem transmitter and between the downstresm recelver and upstream
transmitter are neglected.

In figure 3, the signal outputs are shown at various key points in
the system. Some of these cutput equations are developed below where it is
felt they might not be easily determined by imspection.

The outputs are dencted by out where "n" represents the number
of the component block shown in figure 3.

oot ] 2 .
Out@- KS(K3 A sin 21Tfl‘t) (K,_&K3 A sin [wae't - ¢, - al)

1
By use of trigometric identity (I.1) and the relationship, K5= K5/2

_ P
0ut®- KSKth A {cos (E'rrfe't - ¢2 -0 = 21Tflt)

- cos (2'rrf2t -4, o+ awfl't)]

2L



or
1 B 3 2
Out®— sthl% A {cos(zw[f2 - fl]t - ¢, - a) -cos(2'n'[fl + felt - ¢, - u)}
Bimilarly
= 3.2 o _ _
Qut @-— KBKhKB A [cos(2ﬂf2t o - 2mf.t + ¢l) -cos(21Tf2t a + 2171‘11: ¢l}]

or

out (3= KBKth 22 {cos(ew[f2 - 1,0t - o+ ¢)) —cos(anlr, + 1]t - a - ¢1)}

and Outls K6 x the (f2 - fl) term of Ou‘t@

Similarly
Out = KK Kh A2 cos(2n{f. - £, ]t - a)
6453 o~ 4

! 3 2 L 2
Out.@- Ks{KsKSKhKB A cos(2‘n[f2 - fl]t -¢2 —a)}{K6K5K3 A cos(21r[f2 —fl]t-cx)}

By use of trigometric identity (I.2) end the relationship, K = K;IQ,
out (53) = KéKgKth At {cos(aw[f2 -1t -0y -a+onle, - £1t - a)
+ cos(211[f2 - f].]t - - 211[1‘2 - fl]t +qa+ ¢Z)}
or
0ut@= KgKgKth Ah {cos(21r . 2[f2 - fl]t -9, - 20t) + cos ¢2}

Similarly

Out @= KgKgKth Ah{cos(z'rr ' 2[f2 - fl]t - 2a + ¢l) + cos ¢l}
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It can be seen from the foregoing eguations that, except for constent
terms: ]
1. Equation {(9) holds for both the actual system and the simplified system.
2. The unfiltered part of the output of (éé) corresponds to equation
(13).
The output of (::) corresponds to equation (1L},

3.

4, The output of (::) corresponds %o equation {15).

5. Equation (5), of course, holds for both the actual and simplified
Jel}

syste
-

m

Similarly, for the upstream system, equation (10) holds for both the
actual system and the simplified system and :
1. The unfiltered part of the output of 21 corresponds to equation (41).
2. The output of @ corresponds to equation (L2),
3. The output of @ corresponds to equation (h3).
L. Equation (6}, of course, holds for both the 2ctusl and the simplified

systens.

CONCLUDING REMARKS

An analysis of the feedback system used in servoing the transmitcing
frequencies of the Panametrics, Inc. dynamic ultrasonic flowmeter has been
made. The analysis 1s based on the assumption that small fluctuations in the
speed of sound and axial fluid velocity occur azbout 2 static operating point
representing a steady-state fluld flow rate.

The analysis reveals that the design concept is essentially sound as
long as the open loop gain can be made >>1. This condition is needed to
cancel out errors due to fluctuations in the speed of scund snd to decrease
the flowmeter's effective time comstant neaded to obtain that frequency
response to at least 100 Hz. For example, zn open Loop gain of 100 results
in an effective time constant of 10”4 seconds. Further, adequate forward
gain 1s needed to obtain the desired output/imput sensitivity, and at the
same time, obtain the high open loop gain redquired for stability. Unfor-
nately, the forward gailn varies with variatiomes in the static (steady-state
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flow rate) operating values of fluid velocity and sound apeed, \A and Co»
respectively, but high open loop gain reduces this effect also.

Based on the root locus stability criteria, the flowmeter's gervoing
was found to contain only a single pole in the left hand plane and 1s
inherently stable.

As a result of this analysis, the flowmeter's innovative concept, it is
felt, will be more clearly understood and its ability to measure oscillatory

flows more effectively evaluated.
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Figure 1. Basic flowmetering geometry.
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Figure 6., Block diagram derived from figure 4.
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Figure 9. Block diagram for a negative feedback system.
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